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Introduction to Bayesian Statistics

The essence of the Bayesian approach is to provide a mathematical rule explaining
how you should change your existing beliefs in the light of new evidence. It
allows scientists to combine new data with their existing knowledge or expertise.
Bayesian Statistics deals with the concept of Subjective Probability.

There are two major statistical paradigms:

(1) the frequentist or classical paradigm and
(i) the Bayesian paradigm.

In the frequentist paradigm, the probability of an event is its relative frequency.
All prior and/or collateral information is ignored. Proponents of the frequentist
approach view it as being objective, because all attention is devoted to the
observations (data).

In Bayesian statistics, probability represents an individual’s degree of belief that a
particular event will occur. Thus, the Bayesian approach is based on personal or
subjective probabilities and involves the use of Bayes’ theorem which states that
if Aand B are events and P[B] (Probability of event B) > 0, then

P[A|B] = P[A] . P[B|A]
P[B]

Where: P[A|B] = probability of event A occurring given event B has occurred,
and P[B|A] = probability of event B given event A. This is known as the
“likelihood”.

P[A] and P[B] contribute to the “prior” distribution.

From the Bayesian point of view, inferences are always conditional, conditioned
on prior information, i.e., what (we believe) we already know:

“The same data can lead to different conclusions depending upon other
available information.” (Don Berry).

In frequentist inference, tests of significance are performed by supposing that a
hypothesis is true (the null hypothesis) and then computing the probability of
observing a statistic at least as extreme as the one actually observed during
hypothetical future repeated trials (This is the P-value). In other words,
frequentist statistics examine the probability of the data given a model
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(hypothesis), while Bayesian statistics examine the probability of a model given
the data.

Say we are trying to conduct an experiment that consists of a number of tests (or
measurements) to determine some parameters for a model — for instance the dose
response curve of a drug or the performance of a car engine with different
tunings. Whereas the frequentist approach tends to yield fixed experiments with a
pre-determined set of tests, the Bayesian approach allows us to modify the tests
to optimise what we learn during the experiment. We do this by ‘updating’ our
prior after each test with the results of that test, to get a new prior for the next
test. We can then simulate running this next test with a computer programme to
determine which set of test conditions (which dose to give the next subject,
which values of tuning parameters to next run the engine with) will tell us most
about the outcome we are interested in. These are known as ‘sequential, adaptive’
experiments. This allows us to focus on the range of values for the parameters
that prove most promising, allowing the experiment to use less tests, complete
quicker and yield more information than a traditional frequentist design.

Here we are using a common re-statement of Bayes’ original theorem:

p(elx) = p(e)p(x| €)

Where:

e IS our parameters

X Is our observed data

p(e|x) IS the posterior, a ‘probability density function’ of the likely
values of our parameters, given X

p(e) is our prior, a ‘probability density function’ for the parameters

p(x| &) is the likelihood, a ‘probability density function’ for the data given
our parameters

Bayesian methods are gaining popularity in many areas such as clinical trials,
genomics, marketing, environmental science, and other fields where prediction
and decision making must follow from statistical analysis. Since Bayesian
methods are highly computational, they are also gaining wider acceptance as
technology makes analyses possible that were not feasible in the recent past.
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Bayesian Networks

A Bayesian Network (BN) models a problem by mapping out cause-and-effect
relationships among key variables and assigning to them probabilities that
represent the extent to which one variable is likely to affect another. Each variable
in the problem domain is assigned to a node (specifically a “chance” node). Each
node has discrete states that it can take, and the probability of the node taking
each state, given the states of its parent nodes, is defined using a Conditional
Probability Table.

Ultimately, these Bayesian Networks are tools to support decision-making
processes. They can be used to generate optimal predictions/decision even when
key pieces of information are missing.

Uses of Bayesian Statistics

Bayes’ conditional probability theorem has a range of applications in fields such as
Artificial Intelligence, medicine, finance and insurance, industry, architecture and
physics. Below are described a number of the most prominent uses of Bayesian
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Statistics and Bayesian Networks in these areas.

Artificial Intelligence

Since the late 1980’s Bayesian Networks have been central to the development and
hopes of Artificial Intelligence. The theory of Bayesian Networks has enabled the
production of expert systems, which attempt to combine a wealth of previous
experimental data and in-built expert analysis to determine a most likely cause or
an optimal solution to a problem.

Today Microsoft are pioneers of the use of Bayesian Networks in their software
applications. Indeed, Microsoft have an entire research group devoted to Decision
Theory and Adaptive Learning, based on Bayesian Networks. They have attempted
to incorporate Bayesian learning into a number of their products, perhaps the most
famous example being the “paperclip”, Microsoft’s Office Assistant. This uses
Bayesian methods to determine what help topics might be appropriate to the user,
given the operation they are performing, the “object” they are interacting with,
etc., in order to provide a more user-friendly and intelligent response.
(Unfortunately, the Bayesian methods which were also used to determine how
often the Office Assistant should pop up were considered to be too cautious, and
so a different, non-Bayesian algorithm was implemented which causes the
paperclip to appear more frequently). Microsoft also have a free web service,
offering advice on solving printer problems, again the advice being determined by
Bayesian techniques applied to past data.

Similar approaches can be used in voice recognition systems or in applications
linked to computer vision etc, again to good effect. The main problem with such
systems is that of “evidence propagation” - how can we update our system in the
light of new evidence? This enables the “expert” system to learn from experience
and modify itself after confronting an unseen scenario. A characteristic that
distinguishes an intelligent being is the ability to learn from errors and adapt to new
environments. Bayesian techniques offer the field of Al a feasible avenue down
which the development of “intelligent” machines may lie.

Banking and Finance

Bayesian techniques have wide-ranging uses within the financial sector. By its
intrinsic nature, Bayes’ Theorem lends itself perfectly to use within risk
management. It is therefore commonly exploited within hedging and within asset
and portfolio management. Banks and credit card companies are using Bayesian

___________________________________________________________________________________________________________________________________|
Issue: V1.R1.MO Copyright © Tessella 2003



UsEs oF BAYESIAN STATISTICS

methods to determine whether or not to grant customers credit and to what limit.
The key is that Bayesian statistics (as opposed to classical statistics) allow us to
assess the probability of almost any chosen event (not just those generated by
random processes). This reflects the probabilistic and chance nature of everyday
life. This is the essence of the progression seen with the introduction of Bayesian
techniques. It is for these reasons that Bayes’ Theorem has been so effective
within banking - where the constant objective is that of assessing risk, and making
forecasts, predictions and inferences based on this assessment. Risk assessment is
inherently subjective and a central idea within Bayesian statistics is that of
subjective probability.

Security and Fraud Detection

Bayesian methods have also changed the face of computer network security and
the detection of credit card fraud. Companies would monitor the spending on the
card, and anomalous behaviour can be seen as a possible sign of fraud. Bayes’
Theorem is crucial in assessing the likelihood of fraud given the spending patterns.
The Bayesian process means that patterns of behaviour are sought rather than
individual anomalies - the sort that could lead to incorrect results.

An interesting example is related to AT&T’s detection of telephone fraud, a
problem that costs the U.S. telephone industry around $4 billion per year. AT&T’s
system can be represented by a graph showing a “fraud score” over time, where
a high score is recorded for unusual calls (calls to a previously uncalled country,
calls of unusually long duration). Bayesian techniques are utilised to calculate the
probability of a call being fraudulent. A record is kept of the expected financial
loss on the account. This was measured as the call value multiplied by the
probability that it was fraudulent. Once the loss had exceeded a certain threshold,
the account could be deemed fraudulent and action taken.

This system can limit false alarm cases, because the Bayes approach will consider
all calls in the region of a particular call when determining that call’s fraud
probability. Thus, over several calls, only probable fraud cases can be shown to
exceed the financial loss threshold. This example serves to highlight the
increasing awareness of using Bayesian Statistics as an everyday inference
method.

Medicine
In medicine, Bayes’ Theorem has assisted in diagnosis - identifying a patient’s
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ailments as a particular disorder - and in prognosis - forecasting the natural
course of disease. It is also integral to some models being used to determine
optimal treatments for various disorders for individual patients.

Horvitz and Heckerman tried to build a rule-based system for lymph-node
pathology diagnosis, but found that the certainty factors were unreliable. By
implementing this system using simple Bayesian methods, the assessments were
found to be much more reliable, and analyses were found to take only 1/5th the
time compared with the rule-based method. The system was commercialised as
Intellipath.

Once again, these inference models use Bayes’ Theorem to determine a likely
diagnosis/course of treatment etc. given the patients’ symptoms and based on
bounteous data concerning historic/past cases.

Other uses
Bayesian Statistics have been used in a diverse range of other software systems.

The US Navy have developed real-time software for determining the performance
of various ship self-defence weapon systems against varying types and ranges of
incoming attack weapons. Traditional techniques to solve the problem had been
unsuccessful, but an approach that involved the use of Baysian Networks led to a
solution that was both effective and efficient.

The Vista system is a decision-theoretic system that has been used at NASA
Mission Control Center in Houston for several years. The system uses Bayesian
Networks to interpret live telemetry and provides advice on the likelihood of
failures of the space shuttle’s propulsion systems. It also considers time criticality
and recommends actions of the highest expected utility.

Intel is using Bayesian Networks for diagnosis of faults in processor chips. Given
end-of-line tests on semi-conductor chips, their statistical process can be used to
infer possible processing problems.

Nokia Networks uses the Hugin Decision Engine (a commercial tool making use
of Bayesian Networks) in a prototype tool for efficient diagnosis of mobile
networks. By having an automated tool that reads network performance data and
from that estimates and monitors network problems ranked by probability, the
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network operator gets an efficient troubleshooting procedure saving both
expensive expert resources and downtime of the network. Bayesian Networks
have proven to be far better at expressing the belief of a set of potential problems
than other techniques.

Bayesian systems are also being used in the continuing fight against spam, the
unsolicited marketing and other junk email that deluges most companies email
systems. An open source anti-spam email filter, called POPFile, can be
downloaded from the internet, which makes use of a simple Bayesian component
that “learns” how to recognise spam and differentiate it from non-spam. This is
achieved by training the software — telling it which of the emails you receive are
acceptable, and which are spam. The software analyses the words in the
message, and builds up a model of the “spaminess” of the word. After training,
the system can then accurately predict which messages it believes to be spam. In
practice this system has been found capable of spotting 99% of all spam emails.

Case Studies — Bayesian Statistics at Tessella

Tessella has been involved in a number of software projects that involved the use
of Bayesian statistics or Bayesian Networks. A description of some of these
projects and our involvement in them are given below.

Dynamic Asset Condition Model (DACM)

Following privatisation, UK water companies were required to provide evidence
to the regulator- OFWAT- that they were continuing to invest in their assets.
Given the huge number of assets owned by a water company, from pumps to
sewage works, this is a huge exercise. WRc, a technical services organization
providing expertise and support to the UK and world water industry, were
approached by a consortium of five UK water companies who required an easier
way of handling this task.

WRc recognized that a statistical approach was required. This would mean that to
assess the overall value of a company’s assets only a small number had to be
inspected. This approach would save significantly on the time consuming and
costly inspection of all the different types of assets in the company.

It was decided that traditional “classical” statistics required too much information
to obtain a meaningful result. Using expert advice from Professor O’Hagan at
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Nottingham University, a method was devised to use Bayesian statistics to analyse
the asset condition data.

Tessella was awarded a contract to develop the system. The challenges were to
accurately code the complex algorithms devised, to enable these to run efficiently,
to prove the results were correct and to make sure the system could easily be
used by a non-technical user. The calculation engine was developed in C by one
of Tessella’s most experienced developers. Comparisons were made to the results
expected by Professor O’Hagan to prove the system’s output was reliable (no
mean feat due to the extensive use of random numbers). The highly optimised
code was able to deliver excellent performance.

The user interface was written in Visual Basic by another developer and contained
a large number of ergonomic features, enabling it to be used very efficiently.
Significant time was saved in producing the required data. The system is now in
use to manage the investment into maintaining asset condition. An additional
benefit is the ability to assess and predict asset value for financial purposes.

2-D Gel Mapping

Tessella has also worked on a project for a leading biotech company, which
specializes in proteomics, the comprehensive study of proteins, as a foundation
for the discovery of new drugs and ways of diagnosing disease.

This company compares the proteins from different subjects, looking for those
that differ between healthy and unhealthy subjects. One of the key stages in this
investigation is the production of a 2D “map” of the protein peptides, so that the
peptides are separated according to mass and charge by gel electrophoresis. The
maps from different samples must then be accurately compared with each other.
Unfortunately, the production of the maps is an inexact art, and so the correct
aligning of the map images, and the correct matching of peptides from one map
to another, is a complex problem, which previously had to be performed
manually. This involved many man-hours of painstaking work, and so an
automated approach was required.

The solution involved state-of-the-art image processing techniques, developed in
collaboration with Professor Wilson of Warwick University, and new statistical
methods formulated by the Tessella developer.
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The image analysis involved pre-processing of the map images, and then a multi-
resolution approach, which aligns the maps at successively increasing levels of
detail. Once the image maps are aligned, a statistical algorithm is used to match
the peptides from one map to the corresponding peptides in the other map, using
a Bayesian model which draws upon prior assumptions from theoretical modelling
and an extensive database of manually matched peptides.

The CPU-intensive application program was written in C++, with the advantages
of high efficiency and an object-oriented approach.

The accuracy of the system, and the reduction in the amount of manual work
required have drastically improved the efficiency of identifying potential drug
candidates. This, in turn, has allowed for a much higher throughput of studies
and, therefore, an increase in the rate at which drug candidates can be identified
and subsequently brought to market.

A Phase II Clinical Trial

Tessella has also developed a Clinical Trial support system for a large pharmaceutical
company. This customer wanted to run a Phase Il trial of a particular drug that for
various operational reasons required that a relatively large number of different doses
(i.e. 15) be tested in order to find the optimal dose. In a conventional trial this would
have meant that a high number of patients would need to be assigned to each dose in
order to achieve statistically meaningful results. With the study drug being expensive
to produce and the high cost of subjects in clinical trials, this would have made the
study prohibitively expensive.

The Study Management team decided to use an adaptive randomisation scheme, based
on Bayesian statistics, in order to provide a number of benefits. Firstly, the technique
would allow the system to learn about the responses of patients at each of the study
doses, discovering which doses it believed were ineffective, compared to placebo, and
so allocate more patients to the effective doses as the study progressed. This
ultimately meant that fewer patients were required in the study (and hence, lower study
cost), and also that more patients were given an effective treatment, and so received
enhanced medical benefit from the treatment. A further benefit was that the system
could provide decision making support on whether to stop the trial early, if the dose
response was predicted to be below that required.

The customer asked Tessella to produce a system that would provide centralised
adaptive dose allocation for this clinical trial. The Bayesian learning and dose
allocation component was developed in conjunction with Don Berry and Peter Mueller,
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then of Duke University, comprising of a number of FORTRAN routines exposed
through a C application. The “prior” information and basis for the model in the system
was provided by a database of several hundred patients in a past study of patient
responses who were not given any treatment for their condition.

In order that the system could learn and adapt its dose allocation, real-time study data
capture was required so Tessella implemented a fax processing system, whereby the
Investigators in the trial would complete specially designed forms to submit patient
baseline and response data, which would be faxed to the central system. The central
system would automatically process these forms, using optical mark recognition, and
the data stored in an Oracle database.

When a new patient was admitted to the trial, the Investigator would notify the central
system (via fax). The system would then update its model of the dose response curve
and predicted ED95, given the currently received patient data and determine which
dose, if allocated to the new patient, would be expected to provide the system with the
most information about what was the actual ED95 dose. The system would then fax
back dose instructions to the Investigator.

The use of this adaptive dose allocation system in running this clinical trial has been
estimated to have saved approximately 25% of operational costs of a multi-million dollar
trial, compared to running the trial using a standard randomisation protocol. Currently,
the adaptive randomisation component is being enhanced to allow it to be used in any
clinical trial.

The Advantages of Bayes’ Theorem
The current rise in favour of Bayesian Statistics can be attributed to a number of
factors:

1) The increase in acceptance of subjective probability over classical
probability.

2) Advances in numerical methods: with increased computing power and
the availability of new computerized algorithms such as Markov Chain
Monte Carlo, the solution of intractable integrals, which can sometimes
be generated in Bayesian Statistics, is now possible. MCMC methods are
themselves an area of active research and have allowed a more frequent
use of Bayesian Statistics without the concern of confronting such an
insoluble integral.

3) The Bayesian approach directly addresses the question a researcher
wants to answer: how information in the data modifies his or her beliefs
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about parameter values of a theory or model under consideration.
Specifically, the approach allows computation of probabilities associated
with different theories or models in the light of the data. In contrast, the
standard approach seeks the inverse of that probability, the probability of
data given a theory.

4) Any extraneous but relevant information (e.g., results from past and/or
other researchers’ studies) can be incorporated in the Bayesian method
through the formulation of the prior. Such an inference process can be
repeated as many times as required, and as new data is obtained, thus
providing a formal tool of constantly monitoring, analyzing, and
incorporating such information into inferential process (i.e., cumulative).
In contrast, in the standard approach such information is more likely to
be ignored, and when incorporated is usually done in ad hoc ways (e.g.,
meta-analysis).

There are, however, a number of difficulties/disadvantages in using Bayesian
methods:

1) Formalizing prior information into a prior probability density is not
always an easy task (i.e., “subjectivity” in the choice of a prior).

2) The mathematics of obtaining the posterior probabilities is often quite
involved, requiring computer-intensive numerical methods. In contrast
the “classical” approach is often easy to use.

Why use Bayesian Methods?

The particular advantages offered by Bayesian Statistics make it very useful in
situations where uncertainty is unavoidable — Bayesian methods provide a mechanism
to model the uncertainty. Such methods can also be used where normal optimisation
and decision-making techniques are difficult to apply.

Tessella has experience in developing a number of systems that make use of Bayesian
techniques.

References:
Many references to Bayesian Statistics can be found on the Internet. Just a
few examples are given here:
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1) For a good introduction to Bayesian Statistics, without too much
mathematics, see: http://courses.ncssm.edu/math/TALKS/PDFS/
BullardNCTM2001.pdf

2) An essay on the relative merits of Bayesian and Classical statistics in High
Energy Physics: http://nedwww.ipac.caltech.edu/level5/March01/
Dagostini/Dagostini_contents.html

3) For a more detailed critique of Classical vs. Bayesian statistics in a
clinical arena, see: http://www.annals.org/issues/v130n12/full/
199906150-00008.html and http://www.annals.org/issues/v130n12/full/
199906150-00009.html

4) Bayesian Model Averaging: www.research.att.com/~volinsky/bma.html

5) Bayesian Clinical Trial Design in a Cancer Center, P.F. Thall. Chance
2001: 14(3); 23-28

___________________________________________________________________________________________________________________________________|
Issue: V1.R1.MO Copyright © Tessella 2003



Tessella Support Services plc
Creating Software for Science and Engineering

Tessella’s services range from feasibility studies, through system design,
development, implementation and ongoing support. Our expertise includes:
Data Analysis Software
Data Capture

Simulation Software

Advanced Graphics
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UNIX Workstations
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